I. INTRODUCTION
V ECTOR potential formulations for the solution of magnetic field problems have two important advantages with respect to formulations based on scalar potentials; namely, they yield greater accuracy in the more general case of inhomogeneous media, especially when big differences in the magnetic permeability values occur, and they also allow for a simple treatment of multiply connected regions. The inherent disadvantage of the usage of vector potentials, i.e., that of involving a greater number of unknowns, is overcome in eddy current problems, for instance, by performing the field analysis in terms of vector unknowns, such as the magnetic field intensity or various magnetic or electric vector potentials.
For conducting or ferromagnetic bodies embedded in an unbounded free space, the boundary conditions can be imposed readily by employing appropriate boundary element methods (BEM). In the case when the exterior domain is simply connected, the solution of steady-state magnetic field problems can be constructed by using a relation between the normal component of the magnetic flux density and the tangential component of the magnetic field intensity. Such a relationship is simply obtained by using a reduced scalar magnetic potential. When the domain is multiply connected, one has to specify the magnetic fluxes through the closed paths associated with the cuts used to transform the domain into a simply connected one or, alternatively, the line integrals of along these closed paths. Now, the usage of the magnetic scalar potential becomes cumbersome. Several vector potential formulations for the boundary integral method have been reported in the literature [1] - [3] . In the present work, a new BEM algorithm is presented, employing a magnetic vector potential which can be applied easily to multiply connected domains.
II. MODIFIED VECTOR POTENTIAL INTEGRAL EQUATION
Extension of the technique used to construct the integral equation satisfied by the scalar potential to the vector potential case yields [3] (1) where the integral is taken in principal value and vector potential satisfying the gauge condition ; boundary of the domain ; solid angle under which a small neighborhood of is seen from the observation point; , position vectors of the observation and the source points, respectively; ; outward normal unit vector; vector potential produced by the given distribution of current. Implementation of (1) requires the usage of nodal elements for the interior problem and cannot be applied to multiply connected regions.
On the other hand, under stationary or quasistationary conditions, the vector potential satisfies (2) Since the tangential component on the boundary uniquely defines the vector potential in the region, the normal component and the tangential component are determined by and, thus, (2) can be thought of as an equation in the unknowns and , when is given. The BEM based on (2) has two drawbacks [2] : it requires a large number of unknowns and presents a singularity in the integral of the third 0018-9464/03$17.00 © 2003 IEEE term in the right-hand side. In what follows, we overcome the latter difficulty by imposing in (2), which becomes
Obviously, in this equation, the condition satisfied by the tangential component cannot be enforced any longer. Instead, we impose a weaker condition, namely just that for the line integral of along any closed path on . This represents in fact the actual boundary condition imposed on , which determines uniquely the magnetic field in . It should be remarked that this magnetic vector potential is uniquely defined in since and at any point in , as well as on its boundary, are given.
III. SOLUTION OF THE MODIFIED INTEGRAL EQUATION
Evaluation of the line integrals of along closed paths on the boundary, required in the numerical solution of (3), can be performed efficiently by using edge elements. The boundary is approximated by a polyhedral surface with triangular facets. On each such facet the tangential component of the vector potential can be interpolated linearly [4] in the form (4) where is the normal component of the magnetic flux density, assumed to be constant over each facet , is the barycentric position vector of an arbitrary point on , is the area of , and , is the line integral of (i.e., the edge value of ) along the edge of opposed to the node of barycentric position vector . Assuming a linear variation of within a tetrahedral volume element, its value at any point can be expressed in terms of the edge values associated with the corresponding tetrahedron. Thus, the potential in (4), on the boundary, can be directly coupled with the vector potential outside by employing edge elements. Using a tree-cotree spanning [4] of the graph of the edges on the boundary, the line integrals of on the closed loops associated with the cotree edges are determined by the values of from (5) where and are vectors containing the line integrals of on the cotree edges and on the tree edges, respectively, is the tree-cotree connection matrix, and is the vector containing the magnetic fluxes on the surfaces bounded by the closed loops associated with the cotree edges. Equation (5) allows us to express the cotree edge values in terms of the tree edge values, which means that the number of edge unknowns is reduced to only the number of tree edges, where is the total number of nodes. Assuming that is also constant on each facet, we have in the local coordinates of the respective triangle (6) where , and , are unknowns associated with each of the facets of the boundary.
Bringing the observation point in (3) to the centers of the triangles on the boundary and projecting (3) on the edges and yields 2 equations. Taking into account (4), with , the projection on the edge , for example, gives
where is the solid angle under which the facet is seen from the center of the facet and
It should be noticed that all the integrals in (7) can be evaluated analytically.
In order to obtain the rest of equations, there are two possibilities. One consists of placing the observation point at the centers of the facets connected to a node and imposing the condition that the sum of the fluxes of through these facets be equal to zero, assuming that the normal components of are constant over the facets. We enforce this condition for nodes. The procedure amounts to solving a Fredholm equation of the first kind. The other possibility is to place the observation point on each edge of the edges of the tree and to impose the value of the line integral of along the edge to be . The latter procedure is more convenient since it yields a Fredholm equation of the second kind, which can be written in the form of (8) where is the unit vector specifying the orientation of the edge , is the set of facets containing the edge , and is the solid angle under which the facet is seen from the integration point on the edge . The integral over along an edge is computed numerically only when the triangle is close to this edge. Otherwise, the observation point is placed in the middle of the edge and the integral is approximated by the product of the respective integrand and the length of that edge. The number of edge unknowns in (7) and (8) is reduced to the number of tree edges since the cotree edge values are eliminated by using (5) . The stiffness matrix is obtained by writing (7) and (8) in a matrix form (9) (10) where the matrix and column vector subscripts refer to the respective number of entries, with . Eliminating from (9) and (10) yields (11) which gives the necessary relationship between the normal and the tangential components.
IV. COMPUTED RESULTS
Three examples are presented in this section to show the implementation of the proposed method and to illustrate its efficiency.
A. Perfectly Conducting Sphere
The procedure based on the Fredholm equation of the first kind was tested for a perfectly conducting sphere of radius 1 m immersed in a uniform magnetic field, for which an analytical solution is available [5] . Table I presents the Euclidean norm of the relative error vector of on the surface for various degrees of refinement of the mesh employed. In the last case, for instance, where the number of nodes is 482, the number of 1440 edge unknowns is reduced to the number of tree edge unknowns.
B. Perfectly Conducting Toroid
To illustrate the proposed method for the case of multiply connected regions, we computed the inductance of a perfectly conducting toroid of mean radius of 1 m and circular cross section (Fig. 1) . The corresponding current carried by the toroid was determined assuming a magnetic flux through the toroid of 1 Wb. In this example, the procedure based on the Fredholm equation of the second kind was used. The set of the tree edges is completed with two cotree edges: the first one ( in Fig. 1 ) closes a loop along the toroid through which the magnetic flux, i.e., the line integral of , is 1 Wb, and the second one ( in Fig. 1 ) closes a loop around the toroid, along which the line integral of is zero. After computing the values of on the facets, the line integral of along a path around the toroid was determined, which gives the current carried by it. The inductance has been computed for different radii of the toroid cross section and for various refinements of the mesh. The normalized values of the inductance, , are plotted in Fig. 2 . When the number of nodes is 169, for instance, we have facets and only 846 unknowns, including the unknown values for the edges and , instead of a total of 1183 unknowns.
C. Coupled Conducting Toroids
A more complex example is given for the case of two perfectly conducting toroids in arbitrary orientation (Fig. 3) . The toroids have a mean radius of 1 m and a circular cross section. The center of the second toroid has the Cartesian coordinates (0, 2.5, 0.5 m) in a system with the origin at the center of the first toroid and with the axis being the axis of revolution. The inclination of the second toroid is obtain by a rotation with 15 about the axis and by a second rotation with 30 about the axis. Computed values of the normalized inductance of one of the toroids and of their normalized mutual inductance are plotted in Figs. 4 and 5 , respectively. Again, if the number of nodes per toroid is 400, for instance, then the total number of nodes is 800, and we have and unknowns, with the total number of 2400 edge unknowns reduced to only 802 Fig. 3 ; toroid cross-section radius: 1 cm; 2 cm.
V. CONCLUSION
Edge elements and tree-cotree spanning are employed for a substantial reduction of the computation time, the number of unknowns being decreased by the number of cotree branches. Instead of imposing the boundary condition for the tangential component of , we satisfy the continuity of the normal component of , which constitutes another advantage of the proposed procedure. In the method presented, the integrals defining the matrix entries can be evaluated analytically, which increases the accuracy of the results and the computational efficiency. It can be proved that the numerical results do not depend on the choice of the tree; thus, the mesh topology can conveniently be adapted.
